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Graphs
WANG WEIFAN AND KO-WEI LIH†
Let χl (G), χ ′l (G), χ ′′l (G), and 1(G) denote, respectively, the list chromatic number, the list chro-
matic index, the list total chromatic number, and the maximum degree of a non-trivial connected
outerplane graph G. We prove the following results. (1) 2 ≤ χl (G) ≤ 3 and χl (G) = 2 if and only
if G is bipartite with at most one cycle. (2) 1(G) ≤ χ ′l (G) ≤ 1(G) + 1 and χ ′l (G) = 1(G) + 1 if
and only if G is an odd cycle. This proves the well-known list edge coloring conjecture for outerplane
graphs. (3) χ ′′l (G) = 1(G)+ 1 if 1(G) ≥ 4 and χ ′′l (G) ≤ 5 if 1(G) ≤ 3. This proves a conjecture
of O. V. Borodin, A. V. Kostochka and D. R. Woodall, List edge and list total coloring of multigraphs,
J. Comb. Theory B, 71 (1997), 184–204 for outerplane graphs.
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1. INTRODUCTION
All graphs considered in this paper are finite, loopless, and without multiple edges unless
stated otherwise. Let G be a graph. We denote its vertex set, edge set, order, maximum degree,
and minimum degree by V (G), E(G), |G|, 1(G), and δ(G), respectively. If v ∈ V (G), we
use dG(v) (or simply d(v)) to denote the degree of v in G. A graph G is a planar graph if it
can be drawn on the Euclidean plane so that edges meet only at the vertices of the graph. A
plane graph is a particular drawing of a planar graph. We denote the set of faces of a plane
graph G by F(G). For f ∈ F(G), we use b( f ) to denote the boundary of f , which forms a
closed walk of G. If f = u1u2 . . . un , where u1, u2, . . . , un are the boundary vertices of f
in the clockwise order, then we simply write V ( f ) for V (b( f )). A vertex (or face) of degree
k is said to be a k-vertex (or k-face). Let Vk(G) denote the set of all k-vertices in G for
k = 0, 1, . . . ,1 = 1(G).
For a graph G, a proper k-coloring of vertices of G is a mapping σ : V (G)→ {1, 2, . . . , k}
such that σ(x) 6= σ(y) for every edge xy of G. G is called k-colorable if it admits a proper
k-coloring. Let χ(G) denote the smallest integer k such that G is k-colorable. If each vertex v
is assigned a list L(v) of possible colors and G has a proper coloring σ such that σ(v) ∈ L(v)
for all v ∈ V (G), then we say that G is L-colorable or equivalently that σ is an L-coloring
of G. If |L(v)| = k for all v ∈ V (G), L is said to be a k-list and we also call σ a k-list
coloring. G is said to be k-choosable if it is L-colorable for every k-list L . The list chro-
matic number χl(G) of G, also known as the choice number, is the smallest k such that G
is k-choosable. By considering colorings for E(G), we can define parallel notions such as
edge-k-colorability, edge-k-choosability, the chromatic index χ ′(G), and the list chromatic
index χ ′l (G), etc. If we consider colorings for V (G) ∪ E(G) and require adjacent or inci-
dent elements to have different colors, then we can define further parallel notions such as
total-k-colorability, total-k-choosability, the total chromatic number χ ′′(G), and the list total
chromatic number χ ′′l (G).
It follows directly from the definition that χl(G) ≥ χ(G). However, there exist bipartite
graphs with arbitrarily high list chromatic number. The well-known Brooks’ theorem is gen-
eralized by Vizing [17] and, independently, by Erdo˝s et al. [8] as follows. If a connected graph
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G is neither a complete graph nor an odd cycle, then χl(G) ≤ 1(G). Quite a few interest-
ing results about the choosability of planar graphs have been obtained in recent years. Alon
and Tarsi [1] proved that every planar bipartite graph is 3-choosable. Thomassen [15] proved
that every planar graph is 5-choosable, whereas Voigt [18] presented an example of a non-
4-choosable planar graph. Thomassen [16] further showed that every planar graph of girth at
least 5 is 3-choosable.
The following well-known list edge coloring conjecture (LECC) was formulated indepen-
dently by a number of people, including Vizing, Gupta, Albertson and Collins, Bolloba´s and
Harris (see [3, 6, 11]).
CONJECTURE 1. If G is a multigraph, then χ ′l (G) = χ ′(G).
This conjecture has been proved only for a few special cases, such as bipartite graphs [10],
complete graphs of odd order [12], planar graphs with 1≥12 [6], line-perfect multigraphs
[14], and multicircuits [19]. The following result was obtained by Ellingham and Goddyn [7].
THEOREM 1. If G is a d-regular edge-d-colorable planar multigraph, then G is edge-d
choosable.
The best upper bound of χ ′l (G) for multigraphs is χ ′l (G) ≤ b 321(G)c by Borodin et
al. [6]. The upper bound can be attained by the ‘Shannon triangle,’ obtained by replacing
the edges of a 3-cycle by sheaves of b 121c, b 121c, and d 121e parallel edges, respectively.
For simple graphs, the upper bound has been reduced to χ ′l (G) ≤ 741(G) + d25 log1(G)e
by Bolloba´s and Hind [4] and χ ′l (G) ≤ 1(G) + c1(G)2/3
√
log1(G) for some constant
c > 0 by Ha¨ggkvist and Janssen [12]. Kahn [13] pointed out that for every  > 0, there
exists a positive integer K () such that for any multigraph G with 1(G) > K (), we have
χ ′l (G) < (1+ )χ ′(G).
The notion of list total colorings for multigraphs was first introduced by Borodin et al. [6].
They proposed the following conjectures.
CONJECTURE 2. If G is a multigraph, then χ ′′l (G) = χ ′′(G).
CONJECTURE 3. If G is a multigraph with1(G) ≥ 4, then χ ′′l (G) ≤ b 321(G)c. Moreover,
if G is connected and not complete, |L(v)| = 1(G) for each v ∈ V (G), and |L(e)| =
b 321(G)c for each e ∈ E(G), then G is totally-L-colorable.
It is proved in [6] that χ ′′l (G) ≤ b 321(G)c+2 for any multigraph G and χ ′′l (G) ≤ 1(G)+2
for a bipartite multigraph G with 1(G) ≥ 2. If G is a planar simple graph with 1(G) ≥ 12,
then χ ′′l (G) = 1(G) + 1. Other sufficient conditions for χ ′′l (G) = 1(G) + 1 are also given
in terms of the maximum degree, the maximum average degree, and the girth.
In this paper, we shall investigate various choosability notions for outerplane graphs. A
plane graph is called an outerplane graph if there exists a face f such that V (G) ⊆ b( f ).
Three main results will be established: a characterization of list chromatic numbers of out-
erplane graphs, the truth of LECC for outerplane graphs, and the determination of list total
chromatic numbers of outerplane graphs when 1(G) 6= 3.
We make the convention that, in the following sections, an outerplane graph G is always
assumed to be connected and non-trivial, i.e., having at least one edge.
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2. CHARACTERIZING LIST CHROMATIC NUMBERS
We omit the easy proofs of the following three lemmas.
LEMMA 2. Let G be an outerplane graph. Then G contains at least two vertices of degree
at most 2.
LEMMA 3. Let Cn be a cycle of length n. We have
χl(Cn) = χ ′l (Cn) =
{
2 if n ≡ 0 (mod 2);
3 if n 6≡ 0 (mod 2).
LEMMA 4. Let T be a tree rooted at a vertex x. Let L be an assignment satisfying |L(u)|
= 2 for each vertex u of T . Then there exists an L-coloring σ of T such that σ(x) can be
prescribed either of the two possible values.
A graph is k-degenerate if each nonempty subgraph contains a vertex of degree at most k.
Clearly, a k-degenerate graph is (k+1)-choosable. Since each subgraph of an outerplane graph
G is an outerplane graph, it follows from Lemma 2 that G is 2-degenerate and so χl(G)≤ 3.
The following theorem provides a complete classification of list chromatic numbers for out-
erplane graphs.
THEOREM 5. Let G be an outerplane graph. Then
χl(G) =
{ 2 if G is a bipartite graph having at most one cycle;
3 otherwise.
PROOF. If G contains no cycle, then G is a tree. By Lemma 4, χl(G) = 2. If G contains
only one even cycle C , then G − E(C) is a forest. Since G is connected, every component
tree of G − E(C) meets C at exactly one vertex. By Lemma 3, we first form a 2-list coloring
of C , then, using Lemma 4, we can further color every tree of G − E(C). Thus χl(G) = 2.
Conversely, we assume that χl(G) = 2 and G contains at least two cycles. We may find
two cycles C1 = u0u1, . . . , umu0 and C2 = v0v1 . . . vnv0 such that u0 and v0 are connected
by a path P of length p ≥ 0 and P is a shortest path between any vertex on C1 and any vertex
on C2. We also make the convention that, besides u0 and v0, only um may equal to vn when
p = 0. Since χ(G) ≤ χl(G) = 2, G is bipartite. Both C1 and C2 have even lengths. We
define an assignment L as follows.
Case 1. p is even. Let L(u1) = L(v2) = {1, 3}, L(u2) = L(v1) = {2, 3} and L(x) = {1, 2}
for all x ∈ V (G) \ {u1, u2, v1, v2}.
Case 2. p is odd. Let L(u1) = L(v1) = {1, 3}, L(u2) = L(v2) = {2, 3} and L(x) = {1, 2}
for all x ∈ V (G) \ {u1, u2, v1, v2}.
It is straightforward to check that, once a color for u0 is chosen, the coloring of C1 or C2
will proceed in a unique way until either um or vn can not be colored properly. 2
3. PROVING THE LECC FOR OUTERPLANE GRAPHS
The proof of the following lemma can be found in Borodin and Woodall [5].
LEMMA 6. If G is an outerplane graph, then at least one of the following cases holds.
(1) δ(G) = 1.
(2) There exists an edge uv such that u, v ∈ V2(G).
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(3) There exists a 3-face uxy such that u ∈ V2(G) and x ∈ V3(G).
(4) There exist two 3-faces xu1v1 and xu2v2 such that u1, u2 ∈ V2(G) and x ∈ V4(G) and
these five vertices are all distinct.
Let H∗ denote the union of two 3-cycles C1 = xu1v1x and C2 = xu2v2x with V (C1) ∩
V (C2) = {x}.
LEMMA 7. Let L be an assignment of colors to the edges of H∗ that satisfies |L(u1v1)| =
|L(u2v2)| = |L(xv1)| = |L(xv2)| = 2 and |L(xu1)| = |L(xu2)| = 4, then H∗ is edge-L-
colorable.
PROOF. If L(u1v1) ∩ L(xv2) 6= ∅, we first color u1v1 and xv2 with the same color from
L(u1v1)∩L(xv2). Then we color xv1, u2v2, xu2, and xu1 successively. The case for L(u2v2)∩
L(xv1) 6= ∅ can be handled in the same way. Thus we suppose that L(u1v1) ∩ L(xv2) = ∅
and L(u2v2) ∩ L(xv1) = ∅.
If L(u1v1) 6= L(xv1), we first color xv1 with a color from L(xv1)\ L(u1v1). Then we color
xv2, u2v2, xu2, xu1, and u1v1 successively. The case for L(u2v2) 6= L(xv2) can be handled
in the same way. From now on we let L(u1v1) = L(xv1) and L(u2v2) = L(xv2).
If L(u1v1) \ L(xu1) 6= ∅, we color u1v1 with a color from L(u1v1) \ L(xu1). Afterwards,
we color xv1, xv2, u2v2, xu2, and xu1 successively.
If L(xv2) \ L(xu1) 6= ∅, we color xv2 with a color from L(xv2) \ L(xu1). Afterwards, we
color xv1, u1v1, u2v2, xu2, and xu1 successively.
Therefore we further suppose that L(u1v1) ⊂ L(xu1) and L(xv2) ⊂ L(xu1). In fact, we
may assume that L(u1v1) = L(xv1) = {1, 2}, L(u2v2) = L(xv2) = {3, 4}, and L(xu1) =
L(xu2) = {1, 2, 3, 4}. In this case, we can color u1v1 and xu2 with 1, xv1 with 2, xv2 with 3,
and u2v2 and xu1 with 4. 2
A 2-connected cubic plane graph G is called an out-expanded cubic graph if there exists a
face fr = u1u2 . . . un such that G − V ( fr ) is a connected outerplane graph. We say that fr
is a root face of G. A connected outerplane graph H can be embedded in an out-expanded
cubic graph if 1(H) ≤ 3. An embedding can be constructed as follows. If there are exactly
two vertices v1 and v2 of H that have degree 2 and all other vertices of H have degree 3, then
we join v1 and v2 by a new edge to get a supergraph G of H . Otherwise, for each 1-vertex or
2-vertex v of H , we draw 3−d(v) pairwise disjoint new pendant edges in the unbounded face
of H . Let u1, u2, . . . , un denote the extra pendant vertices arranged in the clockwise direction.
It follows from Lemma 2 that n ≥ 3 in this case. We join u1 to u2, u2 to u3, . . . , un−1 to un ,
and un to u1. Then we obtain a supergraph G of H . It is easy to check that G is an out-
expanded cubic graph.
It is well-known that the four color theorem [2] is equivalent to the statement that every
2-connected cubic plane graph is edge-3-colorable. Hence, the following is a direct conse-
quence of the four color theorem.
LEMMA 8. Every out-expanded cubic graph is edge-3-colorable.
If the outerplane graph G satisfies 1(G) ≤ 2, then G is a path or a cycle. It follows from
Lemma 3 that χ ′l (G) = χ ′(G) = 1(G) or1(G)+1. Moreover, χ ′l (G) = χ ′(G) = 1(G)+1
if and only if G is an odd cycle. The following theorem settles the general case for1(G) ≥ 3.
THEOREM 9. Let G be an outerplane graph with 1(G) ≥ 3, then χ ′l (G) = χ ′(G) =
1(G).
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PROOF. When 1(G) = 3, the theorem follows immediately from Theorem 1 and Lemma
8. Thus we suppose 1(G) ≥ 4. We use induction on the number of edges of G. Let L be an
assignment satisfying |L(e)| = 1(G) for each edge e of G. By Lemma 6, we have three cases
to consider.
Case 1. δ(G) = 1. Let u ∈ V1(G) and uv ∈ E(G). First form an edge-1(G)-list coloring
of G − u and then extend the coloring to uv.
Case 2. There exists an edge e = uv with d(u) = 2 and d(v) ≤ 3. First form an edge-
1(G)-list coloring of G − e; then assign a color from L(e) to e. Such a color is available
since |L(e)| = 1(G) ≥ 4 and e has at most three adjacent edges.
Case 3. There exist two 3-faces xu1v1 and xu2v2 such that u1, u2 ∈ V2(G) and x ∈ V4(G)
and these five vertices are all distinct. Let H = G − {x, u1, u2}. There exists an edge-L-
coloring of H by the induction hypothesis. For i = 1 and 2, if a color α ∈ L(uivi ) (or L(xvi ))
is assigned by this edge-L-coloring to an edge incident to the vertex vi , then we delete α from
L(uivi ) (or L(xvi )). We do this deletion for all such α’s. We hence obtain new assignments
L ′(uivi ) and L ′(xvi ). Elsewhere, we let L ′ be the same as L . Since dH (vi ) ≤ 1(G)− 2, both
|L ′(uivi )| and |L ′(xvi )| are at least 2. Using Lemma 7, we can obtain an edge-L-coloring
of G. 2
4. LIST TOTAL CHROMATIC NUMBERS OF OUTERPLANE GRAPHS
The main result, Theorem 11, of this section will be proved by means of Lemma 6 and the
following lemma. Let the graph H∗ be defined as in Lemma 7. Let S∗ = (V (H∗)∪ E(H∗)) \
{v1, v2}.
LEMMA 10. Let L be an assignment for S∗ such that |L(x)| = 3 and |L(uivi )| = |L(xvi )|
= 2, |L(ui )| = 4, |L(xui )| = 5 for i = 1 and 2. Then S∗ is totally-L-colorable.
PROOF. Note that for i = 1 and 2, ui is adjacent to only one vertex x and incident to two
edges uivi and xui in S∗. Since |L(ui )| = 4, we can always properly color ui with some color
from L(ui ) after x , uivi , and xvi have been colored. So it suffices to consider the coloring for
S∗ \ {u1, u2}.
If L(u1v1)∩ L(xv2) 6= ∅, we color both u1v1 and xv2 with a color from L(u1v1)∩ L(xv2)
and then color xv1, u2v2, x , xu2, and xu1 successively. The case for L(u2v2)∩L(xv1) 6= ∅ can
be handled similarly. Thus we suppose that L(u1v1)∩L(xv2) = ∅ and L(u2v2)∩L(xv1) = ∅.
If L(u1v1) 6= L(xv1), we color xv1 with a color from L(xv1)\L(u1v1) and color xv2, u2v2,
x, xu2, xu1, and u1v1 successively. An analogous argument can be given for the case L(u2v2)
6= L(xv2). So we further suppose that L(u1v1) = L(xv1) and L(u2v2) = L(xv2).
If L(u1v1) \ L(xu1) 6= ∅, we assign u1v1 a color from L(u1v1) \ L(xu1) and color
xv1, xv2, u2v2, x, xu2, and xu1 successively. If L(xv2) \ L(xu1) 6= ∅, we assign xv2 a color
from L(xv2) \ L(xu1) and color xv1, u1v1, u2v2, x, xu2, and xu1 successively.
It remains to show the following case: L(u1v1) = L(xv1) = {1, 2}, L(u2v2) = L(xv2) =
{3, 4}, and {1, 2, 3, 4} ⊆ L(xu1) ∩ L(xu2). Now we first color u1v1 with 1, xv1 with 2, xv2
with 3, u2v2 with 4, and x with a color α ∈ L(x) \ {2, 3}. If α = 1, we color xu2 with a color
β ∈ L(xu2) \ {1, 2, 3, 4} and xu1 with γ ∈ L(xu1) \ {1, 2, 3, β}. If α = 4, we handle the
coloring similarly. If α 6= 1 and 4, then α /∈ {1, 2, 3, 4}. We can color xu1 with 4 and xu2
with 1. 2
For an outerplane graph G, Zhang Zhongfu et al. [20] proved that χ ′′(G) = 1(G) + 1 if
1(G) ≥ 3. We shall extend this result to the list total chromatic number of G when1(G) ≥ 4.
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THEOREM 11. If G is an outerplane graph with1(G) ≤ 1, then χ ′′l (G) ≤ max{5,1+1}.
PROOF. Suppose that the statement is false. Let G be a counterexample with the smallest
number of edges. We write t = max{5,1+ 1}. Let L be a t-list for vertices and edges of G.
By Lemma 6, we have three cases to consider.
Case 1. G contains an edge uv such that u ∈ V1(G). By the minimality of G, G − u has a
total-t-list coloring. We are able to extend this coloring to uv and then to u.
Case 2. There exists an edge e = uv with d(u) = 2 and d(v) ≤ 3. First delete the color of u
from a total-L-coloring of G − e. Then we color e with a color from L(e) and finally recolor
u with a color from L(u). Since |L(e)| = |L(u)| = t ≥ 5 and both e and u are forbidden to
use at most four colors, the desired coloring can be carried through.
Case 3. There exist two faces xu1v1 and xu2v2 such that u1, u2 ∈ V2(G) and x ∈ V4(G)
and these five vertices are all distinct. With respect to the t-list L , G − {x, u1, u2} has a total-
L-coloring. Let σ(v), respectively τ(v), denote the set of colors used on the vertex v and the
edges incident to v in G − {x, u1, u2}. We define a new assignment L ′ to be the same as L
except the following modifications for i = 1 and 2:
L ′(x) = L(x) \ (σ (v1) ∪ σ(v2)),
L ′(ui ) = L(ui ) \ σ(vi ),
L ′(uivi ) = L(uivi ) \ (σ (vi ) ∪ τ(vi )),
L ′(xvi ) = L(xvi ) \ (σ (vi ) ∪ τ(vi )).
It is straightforward to see that |L ′(x)| ≥ 3, |L ′(ui )| ≥ 4, |L ′(uivi )| ≥ 2, |L ′(xvi )| ≥ 2,
and |L ′(xui )| ≥ 5. By Lemma 10, we have a total-L ′-coloring of the two faces xu1v1 and
xu2v2, hence a total-L-coloring of G.
We have constructed a total-t-list coloring of G in each of the cases and this contradicts the
choice of G. 2
COROLLARY 12. If G is an outerplane graph with 1(G) ≥ 4, then χ ′′l (G) = χ ′′(G) =
1(G)+ 1.
When 1(G) = 3, Theorem 11 implies that 4 ≤ χ ′′l (G) ≤ 5. We would like to propose the
following.
CONJECTURE 4. If G is an outerplane graph with 1(G) = 3, then χ ′′l (G) = χ ′′(G) = 4.
When 1(G) ≤ 2, we are going to give a complete characterization of χ ′′l (G). We need the
following result of Fleischner and Stiebitz [9].
LEMMA 13. Let m be a positive integer and let G be a 4-regular graph on 3m vertices.
Assume that G can be decomposed into a Hamiltonian cycle and m pairwise vertex disjoint
triangles. Then χl(G) = χ(G) = 3.
Let Hn , n ≥ 6, denote the graph defined on the vertex set {u1, u2, . . . , un} such that ui and
u j are adjacent if and only if |i − j | ≤ 2, where the subtraction is taken modulo n. Obviously,
Hn is a 4-regular graph.
THEOREM 14. Let G be a connected simple graph with 1(G) = 2. Then 3 ≤ χ ′′l (G) ≤ 4.
Moreover, χ ′′l (G) = 4 if and only if G is a cycle satisfying |G| 6≡ 0 (mod 3).
PROOF. Since1(G) = 2, G is a path or a cycle. If G is a path, obviously χ ′′l (G) = 3. If
G is a cycle, let T (G) denote the total graph of G defined on the vertex set V (G) ∪ E(G)
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so that xy is an edge of T (G) if and only if x is adjacent or incident to y in G. It is evident
that T (G) is isomorphic to Hn for n = 2|G| and χ ′′l (G) = χl(Hn). If |G| ≡ 0 (mod 3),
then n ≡ 0 (mod 6). It is easy to check that Hn satisfies the conditions of Lemma 13. Hence
χ ′′l (G) = χl(Hn) = 3. If |G| 6≡ 0 (mod 3), then n 6≡ 0 (mod 3). This together with the
generalized Brooks’ theorem imply that 4 = χ(Hn) ≤ χl(Hn) ≤ 1(Hn) = 4. 2
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